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Abstract
We write explicitly Ozawa kernels for group extensions, for discrete metric spaces of finite asymptotic
dimension, of large enough Hilbert space compression, and for suitable actions of countable groups on
metric spaces. We also obtain an alternative proof of stability results concerning Yu’s property A.
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1. Introduction
Property A is a weak form of amenability which was first introduced by G. Yu in [22]. He
builds on ideas developed by M.B. Bekka, P.-A. Cherix and A. Valette in [3] and shows that a
finitely generated group with property A is uniformly embeddable in some Hilbert space, the
main result of [22] being that such a group satisfies the coarse Baum–Connes Conjecture and the
Novikov Higher Signature Conjecture.
The class of finitely generated groups satisfying property A contains, for instance, amenable
groups, hyperbolic groups (and groups which are hyperbolic relatively to a finite family of sub-
groups with property A), one relator groups, Coxeter groups (moreover any group of finite
asymptotic dimension), any discrete subgroup of a connected Lie group, groups acting prop-
erly on finite dimensional CAT(0) cube complexes, or more generally every group acting by
isometries on a metric space (with bounded geometry) having property A with at least one point
stabilizer having property A. Furthermore, Yu’s property A is known to be closed under taking
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instance [6,7,12,13,15,21]). Actually, the only known examples of groups which do not satisfy
property A are due to M. Gromov (see [11]).
Property A admits several equivalent definitions. Here we focus on a formulation of this prop-
erty in terms of the existence of an approximation of the unity by positive definite kernels of finite
width (called Ozawa kernels, see definitions below). One aim of this paper is to study the behav-
iors of these kernels and to find explicit formulas. We write explicitly these kernels for group
extensions, for discrete metric spaces of finite asymptotic dimension, for discrete metric spaces
of large enough Hilbert space compression and moreover for groups acting in a suitable way
on metric spaces with property A. In the last section we apply formulas obtained to particular
examples like hyperbolic groups, CAT(0) cubical groups and Baumslag–Solitar groups.
2. Property A and Ozawa kernels
First of all we recall the definition of Yu’s property A:
2.1. Definition. A discrete metric space (X,d) is said to have property A if for every R > 0 and
every ε > 0 there exists a family of finite sets {Ax}x∈X in X × N satisfying:
(1) ∃S > 0 such that d(x, y) S whenever (x,m) ∈ Ay ;
(2) ∀x, y ∈ X such that d(x, y) R, we have |Ax Ay | < ε|Ax ∩Ay | (|A| denoting the cardi-
nality of A).
If X = Γ is a countable group, up to coarse equivalence, there is a unique way to endow
Γ with a left invariant metric (induced naturally by a proper length function l, i.e., d(x, y) :=
l(x−1y)) for which the resulting metric space has bounded geometry (see [21, Lemmas 2.1, 4.1]).
In the sequel, all groups will be considered endowed with such a metric. For finitely generated
groups, the metric will always considered to be induced by a length function associated to a fixed
finite generating set. This metric will be denoted by “dΓ ,” and BΓ (γ,S) will denote the closed
ball centered at γ of radius S in Γ with respect to that metric.
2.2. Theorem. Let Γ be a countable group, then the following assertions are equivalent:
(i) Γ has property A.
(ii) The action of Γ on its Stone– ˇCech compactification by left translations is topologically
amenable.
(iii) The Roe C∗-algebra of Γ is nuclear.
(iv) The reduced C∗-algebra of Γ is exact.
The equivalence “(i) ⇔ (ii)” is due to N. Higson and J. Roe [15], the equivalence “(ii) ⇔ (iii)”
can be found in [1] and the equivalence “(iii) ⇔ (iv)” is due to N. Ozawa [18]. In his proof,
N. Ozawa introduces positive definite kernels to emphasize the links between the geometric
properties of a group and properties of its reduced C∗-algebra.
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if ψ(x, y) = ψ(y, x) for all x, y ∈ X, and if for every integer n  1, for every x1, . . . , xn ∈ X
and for every λ1, . . . , λn ∈ R, the following inequality holds:∑
1i,jn
λiλjψ(xi, xj ) 0.
2.4. Definition. A discrete metric space X satisfies Ozawa’s property if for every R > 0 and
every ε > 0 there exist a positive definite kernel ψ : X × X → R and a constant S  R such
that supp(ψ) ⊂ {(x, y) ∈ X × X | d(x, y)  S} and |1 − ψ(x, y)| < ε for every x, y ∈ X such
that d(x, y)  R. Such kernels ψ are called Ozawa kernels (or, more precisely, (R, )-Ozawa
kernels).
In the case of countable groups, the following result is a consequence of Theorem 2.2, but
a direct proof (without any reference to C∗-algebras) is the subject of Proposition 3.2 in [21]
together with Lemma 3.5 of [15]:
2.5. Theorem. Let X be a discrete metric space of bounded geometry. The following assertions
are equivalent:
(i) X has property A;
(ii) X has Ozawa’s property.
2.6. Remarks. If one wants to compare property A and amenability, Ozawa’s property plays the
role of Hulanicki’s property (see for instance Appendix G in [4]). The proof of J.-L. Tu in [21]
allows us to systematically deduce Ozawa kernels from the sets in Definition 2.1.
2.7. Proposition. Let X be a discrete metric space. Let ε > 0, R > 0, S > 0, and {Ax}x∈X as in
Definition 2.1. Then
ψX(x, y) :=
∑
z∈X
(∑
n∈N χAx (z, n)
|Ax |
)1/2(∑
n∈N χAy (z, n)
|Ay |
)1/2
is an (R,2ε)-Ozawa kernel, and its support is contained in {(x, y) ∈ X ×X | d(x, y) 2S}.
Proof. One has |AxAy ||Ax | < ε, whenever d(x, y)  R. This is equivalent to
‖χAx −χAy ‖
‖χAx ‖ < ε
1/2
,
whenever d(x, y)R (where ‖ · ‖ := ‖ · ‖l2(X×N)). Then,∥∥∥∥ χAx‖χAx‖ − χAy‖χAy‖
∥∥∥∥ 2‖χAx − χAy‖‖χAx‖ < 2ε1/2,
whenever d(x, y)R. For every x ∈ X, let us consider the function
ηx : X → R, z →
‖χAx (z, ·)‖l2(N) =
(∑
n∈N χAx (z, n)
)1/2
.‖χAx‖ |Ax |
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‖ηx − ηy‖l2(X) 
∥∥∥∥ χAx‖χAx‖ − χAy‖χAy‖
∥∥∥∥< 2ε1/2
whenever d(x, y)R.
Finally, put
ψX(x, y) := 〈ηx, ηy〉 =
∑
z∈X
(∑
n∈N χAx (z, n)
|Ax |
)1/2(∑
n∈N χAy (z, n)
|Ay |
)1/2
.
This is a positive definite kernel satisfying supp(ψX) ⊂ {(x, y) ∈ X × X | d(x, y)  2S} and
1 −ψX(x, y) = 12‖ηx − ηy‖2l2(X) < 2ε for all x, y ∈ X with d(x, y)R. 
2.8. Remark. If there is only one “level” in the definition of property A, i.e., if X × N may be
replaced by X in Definition 2.1, then Ozawa kernels can be taken of the form
(x, y) → |Ax ∩Ay |√|Ax ||Ay | = 1√|Ax ||Ay |
∑
z∈X
χAx (z)χAy (z).
This is actually the case for all known examples of groups with property A. In particular, using
Examples 2.3 and 2.4 in [22], we easily recover Ozawa kernels obtained by S. Campbell in [5]
(see the following examples).
Suppose X = Γ is a group, and the Ozawa kernels are Γ -invariant. Set φ(γ ) := ψ(e, γ ). Then
we obtain an approximation of the unity in Γ by positive definite functions with finite support.
Actually this characterizes amenability: if a group Γ has property A and admits Γ -invariant
Ozawa kernels, then Γ is amenable. The converse is also true, see the first example below.
2.9. Examples. Let ε,R > 0.
(i) Let Γ be a countable amenable group. The length function on Γ being assumed to be proper,
F := BΓ (e,R) is a finite set. Using Folner’s definition of amenability, there exists a finite
subset A ⊂ Γ such that |γAA||A| < 24+ for every γ ∈ F . Then we define Aγ := (γA) × {1}
(note that |Aγ | = |A| for every γ ). If γ, γ ′ ∈ Γ are such that dΓ (γ, γ ′)  R, we have
γ−1γ ′ ∈ F and |Aγ Aγ ′ | = |(γ−1γ ′A)A| < 24+ |Aγ |. We also have
|Aγ ∩Aγ ′ | = 12
[|Aγ | + |Aγ ′ | − |Aγ Aγ ′ |]> 44 +  |Aγ |.
Therefore |Aγ  Aγ ′ | < 2 |Aγ ∩ Aγ ′ |. Moreover, if S := maxa∈A dΓ (e, a), (γ,1) ∈ Aγ ′ ,
implies dΓ (γ, γ ′) S.
Hence, the family {Aγ }γ∈Γ satisfies Definition 2.1, and by Proposition 2.7, we have shown
that
ψ : (γ, γ ′) → |(γA)∩ (γ
′A)|
|A|
is an (R, )-Ozawa kernel for Γ (and this kernel is clearly Γ -invariant).
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tree) of Γ . We fix a geodesic ray r0 in T , and for any γ ∈ Γ , we denote by r(γ ) the unique
geodesic ray starting from γ such that r(γ ) ∩ r0 is a non-empty geodesic ray. Let S > R2
such that 2R2(S+1)−R <

2 , and for every γ ∈ Γ , let us define Aγ := [r(γ )∩BΓ (γ,S)]× {1} ⊂
Γ × N (note that |Aγ | = S + 1 for every γ ). Now, let γ, γ ′ ∈ Γ such that dΓ (γ, γ ′)  R.
As S > R2 , Aγ ∩ Aγ ′ = ∅, and |Aγ  Aγ ′ | is maximal (being equal to dΓ (γ, γ ′)) exactly
when Aγ and Aγ ′ intersect in just one point, (i.e. when Aγ ∪Aγ ′ realize the unique geodesic
path between γ and γ ′ in T ), then for any γ, γ ′ ∈ Γ such that dΓ (γ, γ ′)  R, one has
|Aγ Aγ ′ |R. We also have
|Aγ ∩Aγ ′ | = 12
[|Aγ | + |Aγ ′ | − |Aγ Aγ ′ |] 2(S + 1)−R2 .
Therefore, by our choice of S, we obtain
|Aγ Aγ ′ | 2R2(S + 1)−R |Aγ ∩Aγ ′ | <

2
|Aγ ∩Aγ ′ |.
Moreover, by construction, (γ,1) ∈ Aγ ′ implies dΓ (γ, γ ′) S. Hence, we have shown that
(γ, γ ′) → |Aγ ∩Aγ ′ |
S + 1
is an (R, )-Ozawa kernel for Γ .
2.10. Remark. Using, the so-called GNS construction (see for instance [9, Chapter 5, Propo-
sition 3]), one knows that any Ozawa kernel on a discrete metric space X is of the form
ψ : (x, y) → 〈λ(x),λ(y)〉, for some λ : X → l2(X)1 := {ξ ∈ l2(X) | ‖ξ‖l2(X) = 1}. Unfortu-
nately, in general, we have no information about the support of the functions in the range of λ.
However, if X has bounded geometry, as a corollary of Theorem 2.5, we have the following:
2.11. Proposition. Let X be a discrete metric space with bounded geometry, if X has property A,
then an (R, )-Ozawa kernel for X can always be taken of the form ψ : (x, y) → 〈λ(x),λ(y)〉,
for some λ : X → l2(X)1 with supp(λ(x)) ⊂ B(x,S) for every x (and λ(x)(y) 0 for every y)
and some uniform constant S depending only on R and .
3. Group extensions
The exactness of C∗-algebras is stable under taking extensions. This is a result due to E. Kirch-
berg and S. Wassermann (see [16]), but the proof is quite technical and done in the context of
C∗-algebras. G. Yu [22] indicates how to prove the stability of property A under taking semi-
direct products leaving details to the reader. Here we give a detailed simple proof of the stability
under general extensions by expliciting Ozawa kernels. It is inspired by [7] (see also [2]).
3.1. Theorem. Let 1 → H i−→ Γ π−→ G → 1 be a short exact sequence of countable groups. If H
and G have property A then Γ has property A.
As an easy consequence, we obtain the following:
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for H implies property A for Γ .
Proof. Let {γ1, . . . , γn} be a set of representatives for the left cosets of H in Γ . Then N :=⋂n
i=1 γiHγ
−1
i is also a finite index subgroup of Γ ([Γ : N ]  [Γ : H ]n), and moreover (by
construction) N is normal in Γ . Being a subgroup of H , N has also property A. Now we can
conclude applying Theorem 3.1 to the extension 1 → N → Γ → Γ/N → 1 using the fact that a
finite group obviously has property A. 
3.3. Remark. Actually the preceding result is also true if we replace the finite index hypothesis
by the property A of G/H viewed as an abstract metric space endowed with the quotient metric
(see Corollary 6.7).
3.4. Notations. For the proof of Theorem 3.1, given a group extension 1 → H i−→ Γ π−→ G → 1,
we deduce Ozawa kernels for Γ from Ozawa kernels for H and G. Let lΓ be an arbitrary proper
length function on Γ . In the sequel, we identify H with i(H) ⊂ Γ , and then we consider the
restriction lH := (lΓ )|H of lΓ on H . On G, we will consider the length function lG defined by
lG(g) := min
{
lΓ (γ )
∣∣ γ ∈ Γ, π(γ ) = g}.
One can easily check that lG is a proper length function and that the minimum is realized. We
endow G, H and Γ with the left invariant metrics denoted dG, dH and dΓ associated, respec-
tively, to lG, lH and lΓ . Note that lG and lH being proper, the associated metrics on G and H are
coarsely equivalent to the original metrics on this groups.
Let us fix a set theoretical section σ of π in such a way that lΓ (σ (g)) = lG(g) for every g ∈ G.
The idea of the proof is then to decompose elements of Γ , using σ , into two parts, one in H and
one in G as in the case of a split sequence. Hence we will need the following cocycle:
c : Γ ×G → H, (γ,g) → σ(g)−1γ σ (π(γ )−1g).
For any short exact sequence, the map γ → (π(γ ), c(γ,π(γ ))) is a bijection between Γ and
G×H .
The following inequalities will be useful.
3.5. Lemma. For any γ1, γ2 ∈ Γ , and any g ∈ G, one has:
(i) dG(π(γ1),π(γ2)) dΓ (γ1, γ2);
(ii) dΓ (γ1, γ2) dG(g,π(γ1))+ dH (c(γ1, g), c(γ2, g))+ dG(g,π(γ2));
(iii) dH (c(γ1, g), c(γ2, g)) dG(g,π(γ1))+ dΓ (γ1, γ2)+ dG(g,π(γ2)).
Proof. Inequality (i) comes from the definition of lG. To see inequalities (ii) and (iii), it suffices
to use sub-additivity of length functions and to write that:
γ−11 γ2 = σ
(
π(γ1)
−1g
)
c(γ1, g)
−1c(γ2, g)
(
σ
(
π(γ2)
−1g
))−1
. 
By Theorem 2.5, Theorem 3.1 is a consequence of the following statement:
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H and G having property A. Let ψG : (g1, g2) → 〈λ(g1), λ(g2)〉 and ψH : (h1, h2) →
〈μ(h1),μ(h2)〉 be Ozawa kernels for G and H given by Proposition 2.11 (with λ : G → l2(G)1
and μ : H → l2(H)1). Then maps of the form
ψΓ : (γ1, γ2) →
∑
g∈G
λ
(
π(γ1)
)
(g) · λ(π(γ2))(g) ·ψH (c(γ1, g), c(γ2, g))
are Ozawa kernels for Γ (where c denotes the cocycle defined above).
Proof. First, note that, because λ(π(γ )) has finite support, the sum defining ψΓ (γ1, γ2) is a
finite sum. To check that ψΓ is indeed a positive definite kernel, it suffices to note that for every
(γ1, γ2) ∈ Γ × Γ , ψΓ (γ1, γ2) = 〈ν(γ1), ν(γ2)〉, where
ν : Γ → l2(G, l2(H)), γ → ν(γ ) : g → λ(π(γ ))(g) ·μ(c(γ, g)).
Now, let ε > 0 and R > 0 be fixed. By hypothesis, there exist positive constants S1 and S2 such
that:
(a) dG(g1, g2)R ⇒ |1 −ψG(g1, g2)| < ε2 ;(b) dH (h1, h2)R + 2S1 ⇒ |1 −ψH(h1, h2)| < ε2 ;(c) supp(λ(g)) ⊆ BG(g,S1), ∀g ∈ G;
(d) dH (h1, h2) > S2 ⇒ ψH(h1, h2) = 0.
For any γ1, γ2 ∈ Γ , we have:∣∣1 −ψΓ (γ1, γ2)∣∣ ∣∣∣∣∑
g∈G
(
1 −ψH
(
c(γ1, g), c(γ2, g)
)) · λ(π(γ1))(g) · λ(π(γ2))(g)∣∣∣∣
+ ∣∣1 −ψG(π(γ1),π(γ2))∣∣. ()
Then, if dΓ (γ1, γ2)R, by Lemma 3.5(i) and by (a), one has |1 −ψG(π(γ1),π(γ2))| < ε2 .
On the other hand, by (c), the sum in the first term of () is just over the set of g ∈ G such
that dG(g,π(γ1)) S1 and dG(g,π(γ2)) S1. But for such g ∈ G, by (iii) of Lemma 3.5, one
has dH (c(γ1, g), c(γ2, g)) R + 2S1. Therefore, by (b) and by the Cauchy–Schwarz inequality
(as∑g∈G λ(x)(g)2 = 1 for all x ∈ G), one obtains:∣∣∣∣∑
g∈G
(
1 −ψH
(
c(γ1, g), c(γ2, g)
)) · λ(π(γ1))(g) · λ(π(γ2))(g)∣∣∣∣< ε2 .
Hence, |1 −ψΓ (γ1, γ2)| < ε for all γ1, γ2 ∈ Γ such that dΓ (γ1, γ2)R.
Moreover, again by (c) and by the Cauchy–Schwarz inequality, we have:∣∣ψΓ (γ1, γ2)∣∣max{∣∣ψH (c(γ1, g), c(γ2, g))∣∣ ∣∣ g ∈ G, dG(g,π(γk)) S1, k = 1,2}. ()
If γ1, γ2 ∈ Γ are that dΓ (γ1, γ2) > 2S1 + S2, by (ii) of Lemma 3.5, one has:
dH
(
c(γ1, g), c(γ2, g)
)
 dΓ (γ1, γ2)− dG
(
g,π(γ1)
)− dG(g,π(γ2))> S2.
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This concludes the proof. 
3.7. Remark. Suppose that short exact sequence splits, i.e., when Γ  H  G. Then viewing G
as a subgroup of Γ , the metric corresponding to the restriction to G of lΓ is coarsely equivalent
to the metric dG defined above. Hence, in this case, up to coarse equivalence, c(γ, g) may be
replaced by the action of g−1π(γ ) on π(γ )−1γ (the component of γ in H ).
4. Metric spaces with finite asymptotic dimension
Among finitely generated groups, there are important examples of groups of finite asymptotic
dimension, for instance, Coxeter groups [10], one relator groups [17] and hyperbolic groups [20].
It is well known that for a discrete metric space X of bounded geometry, finite asymptotic di-
mension implies property A (see [15] and [8]). We follow the proof of this result but make it
more precise as far as Ozawa kernels are concerned. First, recall:
4.1. Definition. Let (X,d) be a metric space and k ∈ N. The space X is said to have asymptotic
dimension less than k, denoted by asdimX  k, if for any L > 0, there is an open cover U :=
{Ui}i∈I of X satisfying:
(i) supi∈I diam(Ui) < ∞ (U is said to be uniformly bounded).
(ii) The Lebesgue number of U , L(U) := inf{max{d(x,X \ Ui) | i ∈ I } | x ∈ X}, satisfies
L(U) L.
(iii) For every x ∈ X, |{i ∈ I | x ∈ Ui}| k + 1 (U is said to have multiplicity  k + 1).
4.2. Lemma. Let (X,d) be a discrete metric space admitting a uniformly bounded cover
U := {Ui}i∈I with multiplicity  k + 1. Then the kernel ψU defined by
ψU : X ×X → R, (x, y) →
∑
i∈I
(
d(x,X \Ui)∑
j∈I d(x,X \Uj )
)1/2(
d(y,X \Ui)∑
j∈I d(y,X \Uj )
)1/2
is positive definite and satisfies |1 −ψU (x, y)| (k+1)(2k+3)L(U) d(x, y) for every x, y ∈ X.
Proof. The kernel ψU is a positive definite kernel as ψU (x, y) = 〈λ(x),λ(y)〉, where λ : X →
l2(I ), x → ( d(x,X\Ui)∑
j∈I d(x,X\Uj ) )i∈I . Moreover, we have
1 −ψU (x, y) = 12
∥∥λ(x)− λ(y)∥∥2
l2(I )
= 1
2
∑
i∈I
∣∣∣∣( d(x,X \Ui)∑
j∈I d(x,X \Uj )
)1/2
−
(
d(y,X \Ui)∑
j∈I d(y,X \Uj )
)1/2∣∣∣∣2
 1
2
∑
i∈I
∣∣∣∣ d(x,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(y,X \Uj)
∣∣∣∣
 (k + 1)max
i∈I
∣∣∣∣ d(x,X \Ui)∑ d(x,X \Uj ) − d(y,X \Ui)∑ d(y,X \Uj )
∣∣∣∣j∈I j∈I
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However for each i ∈ I∣∣∣∣ d(x,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(y,X \Uj )
∣∣∣∣

∣∣∣∣ d(x,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(x,X \Uj)
∣∣∣∣
+
∣∣∣∣ d(y,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(y,X \Uj )
∣∣∣∣.
Then, as
∑
j∈I d(x,X \Uj )L(U) and d(y,X\Ui)∑
j∈I d(y,X\Uj )  1, we obtain∣∣∣∣ d(x,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(y,X \Uj )
∣∣∣∣
 1
L(U)
[∣∣d(x,X \Ui)− d(y,X \Ui)∣∣+∑
j∈I
∣∣d(x,X \Uj)− d(y,X \Uj )∣∣]
therefore, by (∗) and by the inequality |d(x,X \Uj )− d(y,X \Uj )| d(x, y), we deduce∣∣∣∣ d(x,X \Ui)∑
j∈I d(x,X \Uj )
− d(y,X \Ui)∑
j∈I d(y,X \Uj )
∣∣∣∣ (2k + 3)RL(U) . 
4.3. Theorem. Let (X,d) be a discrete metric space with asdimX  k, and let ,R > 0. We
fix a uniformly bounded cover of X with multiplicity  k + 1, U := {Ui}i∈I , such that L(U) >
(k+1)(2k+3)R

. Then the kernel ψU defined in Lemma 4.2 is an (R, )-Ozawa kernel for X. In
particular, X has property A.
Proof. If S := supi∈I diam(Ui), then for every x, y ∈ X such that d(x, y) > S and for any i ∈ I ,
we have d(x,X \Ui) = 0 or d(y,X \Ui) = 0, thus ψU (x, y) = 0. Moreover, for every x, y ∈ X
such that d(x, y)R, by Lemma 4.2 and by our choice for L(U), we have
∣∣1 −ψU (x, y)∣∣ (k + 1)(2k + 3)R
L(U)  . 
5. Metric spaces with Hilbert space compression > 1/2
It is well known that any discrete metric space with bounded geometry having property A is
uniformly embeddable in a Hilbert space. The converse is not known. A result of E. Guentner and
J. Kaminker gives a partial converse: a finitely generated group with Hilbert space compression
> 1/2 has property A (see [14, Theorem 3.2]). In this section, we give a proof (strongly inspired
by [14]) of a slightly more general result. First of all, let us recall the definition of the Hilbert
space compression.
570 G. Jaudon / Journal of Functional Analysis 253 (2007) 561–5835.1. Definition. Let (X,d) be a metric space and H be an Hilbert space. A map f : X →H is
said to be a uniform embedding if there exist non-decreasing functions ρ±(f ) : R+ → R+ such
that:
(i) ρ−(f )(d(x, y)) ‖f (x)− f (y)‖H  ρ+(f )(d(x, y)), for all x, y ∈ X;
(ii) limr→+∞ ρ±(f )(r) = +∞.
Then the Hilbert space compression of the metric space X, denoted by R(X), is defined as the
sup of all β  0 for which there exists a uniform embedding into a Hilbert space f with ρ+(f )
affine and ρ−(f )(r) = rβ (for r large enough).
5.2. Definition. A metric space (X,d) is said to be quasi-geodesic if there exist δ > 0 and λ 1
such that for all x, y ∈ X there exists a sequence x0 = x, x1, . . . , xn = y of elements of X satis-
fying d(xi−1, xi) δ for every i = 1, . . . , n, and
n∑
i=1
d(xi−1, xi) λd(x, y).
Such a sequence x0 = x, x1, . . . , xn = y will be called a (λ, δ)-chain of length n from x to y.
We will need the following two lemmas.
5.3. Lemma. Let (X,d) be a quasi-geodesic metric space. There exists an integer-valued metric
d˜ on X such that (X, d˜) is quasi-geodesic and quasi-isometric to (X,d).
Proof. Let δ > 0 and λ 1 as in Definition 5.2. We define a metric d˜ on X by setting
d˜(x, y) := min{n ∈ N ∣∣ there exists a (λ, δ)-chain of length n from x to y}.
This integer-valued metric is clearly quasi-geodesic (with λ = δ = 1). It remains to show that
(X, d˜) is quasi-isometric to (X,d). Let us fix x, y ∈ X and set d˜(x, y) := n. On the one hand, by
definition of n, one can find a (λ, δ)-chain of length n from x to y. In particular we have
d(x, y)
n∑
i=1
d(xi−1, xi) δn = δd˜(x, y).
On the other hand, again by definition of n, we must have d(xi−1, xi) + d(xi, xi+1) > δ for
every i = 1, . . . , n − 1 (otherwise, we could forget one of the xi ’s and this would contradict the
minimality of n). Hence, in the chain, there is at least [n2 ] n−12 successive distances which are
greater than δ2 . Then, we obtain that
(
n− 1
2
)
δ
2

n∑
d(xi−1, xi) λd(x, y)i=1
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d˜(x, y) 4λ
δ
d(x, y)+ 1. 
5.4. Lemma. Let (X,d) be a discrete quasi-geodesic metric space of bounded geometry. Then the
growth of X is at most exponential, i.e., there exist constants B,L > 0 such that |B(x,R)| BLR
for every R > 0 and for every x ∈ X (where B(x,R) := {y ∈ X | d(x, y)R} denotes the closed
ball of radius R centered at x).
Proof. Let δ > 0 and λ  1 as in Definition 5.2. By the bounded geometry assumption on X,
Bδ := maxx∈X |B(x, δ)| < ∞. Let us fix R > 0 and x ∈ X. In order to estimate the number of
elements in B(x,R) it suffices to estimate the number of minimal (λ, δ)-chains starting at x
with end-point in B(x,R). On the one hand, if x0 = x, x1, . . . , xn = y is a (λ, δ)-chain of length
n = d˜(x, y) with y ∈ B(x,R), by the proof of Lemma 5.3, we have n 4λ
δ
R + 1. On the other
hand, by the definition of Bδ , for a fixed n, the number of (λ, δ)-chains of length n starting at x
with end-point in B(x,R) is at most Bnδ . Therefore, we deduce that
∣∣B(x,R)∣∣ [ 4λRδ ]+1∑
n=0
Bnδ  BLR
with L := B
4λ
δ
δ and B := B2δ . 
5.5. Theorem. Let (X,d) be a discrete quasi-geodesic metric space of bounded geometry such
that R(X) > 1/2, then X has property A.
Proof. By Lemma 5.3, we can suppose that the metric d on X takes integer values. For every
n ∈ N and x ∈ X, we will denote S(x,n) := {y ∈ X | d(x, y) = n}.
Let R > 0 and 0 <  < 1 fixed. By hypothesis, there exist a Hilbert space H, a map
f : X →H, and positive constants n0, α,C,D such that ‖f (x) − f (y)‖H  Cd(x, y) + D for
every x, y ∈ X and
∥∥f (x)− f (y)∥∥H  n 1+α2
for every n,x, y ∈ X such that d(x, y) n n0.
Then, for a fixed k > CR+D− ln(1− 2 ) , we consider
φ : X ×X → R, (x, y) → exp
(
−‖f (x)− f (y)‖
2
H
k
)
.
By the Schoenberg’s theorem (see for instance [9]), φ is a positive definite kernel on X. More-
over, by our choice of k, for every x, y ∈ X such that d(x, y)R we have
∣∣1 − φ(x, y)∣∣<  .
2
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ally, the remainder of the proof will be devoted to approximate φ in a suitable way using the
hypothesis on the Hilbert space compression of X. Let us formally consider the kernel operator
associated to φ defined on ξ ∈ l2(X) by
Uφ(ξ)(x) :=
∑
y∈X
φ(x, y)ξ(y).
The key point of the proof is that Uφ defines a bounded positive operator from l2(X) into itself.
Indeed, for every ξ ∈ l2(X), on the one hand, by Cauchy–Schwarz’s inequality, we have
∑
x∈X
(∑
y∈X
φ(x, y)ξ(y)
)2
=
∑
x∈X
(∑
y∈X
φ(x, y)1/2φ(x, y)1/2ξ(y)
)2

∑
x∈X
(∑
y∈X
φ(x, y)
)(∑
y∈X
φ(x, y)ξ(y)2
)

(
sup
x∈X
∑
y∈X
φ(x, y)
)2
‖ξ‖2
l2(X). (∗)
On the other hand, by Lemma 5.4, one can find B,L > 0 such that |S(x,n)| BLn for every n
and every x. Then, if we fix N  n0 satisfying Le−N
α/k < 1, for any x ∈ X we obtain that∑
y∈X
φ(x, y) =
∑
n0
∑
y∈S(x,n)
φ(x, y) =
∑
0nN
∑
y∈S(x,n)
φ(x, y)+
∑
n>N
∑
y∈S(x,n)
φ(x, y).
As φ(x, y)  1, the first term is at most B
∑
0nN L
n
. Concerning the second term, by our
choice of N , we have φ(x, y) e− n
1+α
k for every n >N and y ∈ S(x,n). Therefore,∑
n>N
∑
y∈S(x,n)
φ(x, y) B
∑
n>N
Lne−
n1+α
k  B
∑
n>N
(
Le−Nα/k
)n (∗∗)
which is the remainder of a convergent geometric series and does not depend on x.
Hence Uφ : l2(X) → l2(X) is a bounded operator with 1 ‖Uφ‖, as Uφ(δx)(x) = 1 for every
x ∈ X. Moreover, Uφ is self-adjoint and positive as φ is symmetric and positive definite. In
particular, one can consider the positive square root of Uφ which can be represented as (see for
instance Theorem VI.9 in [19])
Vφ := ‖Uφ‖1/2
∑
n0
an
(
I − Uφ‖Uφ‖
)n
where I := Idl2(X) and
√
1 − z =∑n0 anzn converges absolutely for every z such that |z| 1.
Now fix M0 large enough such that∥∥∥∥Vφ − ‖Uφ‖1/2 ∑ an(I − Uφ‖Uφ‖
)n∥∥∥∥< 4(4‖Uφ‖1/2 + 1) .0nM0
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∑
n>M
(
Le−Nαk
)n
<
‖Uφ‖1/2
2M0+3(4‖Uφ‖1/2 + 1)B .
Then we denote
φM : X ×X → R, (x, y) →
{
φ(x, y) if d(x, y)M,
0 otherwise
and we define UφM : l2(X) → l2(X) by UφM (ξ)(x) :=
∑
y∈X φM(x, y)ξ(y) for every ξ ∈ l2(X).
If φM was positive definite the proof would be finished but a priori there is no reason for that.
By (∗), (∗∗) and our choice of M , we have
‖Uφ − UφM‖
‖Uφ‖1/2
2M0+3(4‖Uφ‖1/2 + 1) . (∗∗∗)
Finally, by setting
W := ‖Uφ‖1/2
∑
0nM0
an
(
I − UφM‖Uφ‖
)n
we can consider the positive definite kernel
ψ : X ×X → R, (x, y) → 〈W(δx),W(δy)〉.
To prove that |1 − ψ(x, y)| <  whenever d(x, y)  R, it suffices to show that |φ(x, y) −
ψ(x, y)| < /2 for every x, y ∈ X. We have∣∣φ(x, y)−ψ(x, y)∣∣= ∣∣〈Uφ(δx), δy 〉− 〈W∗W(δx), δy 〉∣∣
= ∣∣〈(V∗φVφ −W∗W)(δx), δy 〉∣∣

∥∥V∗φVφ −W∗W∥∥

(‖Vφ‖ + ‖W‖)‖Vφ −W‖
 2‖Vφ −W‖‖Vφ‖ + ‖Vφ −W‖2

(
2‖Vφ‖ + 1
)‖Vφ −W‖

(
4‖Uφ‖1/2 + 1
)‖Vφ −W‖.
But we have
‖Vφ −W‖
∥∥∥∥Vφ − ‖Uφ‖1/2 ∑
0nM0
an
(
I − Uφ‖Uφ‖
)n∥∥∥∥
+
∥∥∥∥‖Uφ‖1/2 ∑ an(I − Uφ‖Uφ‖
)n
−W
∥∥∥∥
0nM0
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
4(4‖Uφ‖1/2 + 1) +
∥∥∥∥‖Uφ‖1/2 ∑
0nM0
an
(
I − Uφ‖Uφ‖
)n
−W
∥∥∥∥
and moreover, as |an|  1 for every n, using the inequality ‖An − Bn‖  2n‖A − B‖ (when
‖A‖ 1 and ‖B‖ 2), we obtain
∥∥∥∥‖Uφ‖1/2 ∑
0nM0
an
(
I − Uφ‖Uφ‖
)n
−W
∥∥∥∥
 ‖Uφ‖1/2
∑
1nM0
|an|
∥∥∥∥(I − Uφ‖Uφ‖
)n
−
(
I − UφM‖Uφ‖
)n∥∥∥∥
 2M0+1 ‖Uφ − UφM‖‖Uφ‖1/2
<

4(4‖Uφ‖1/2 + 1)
the last inequality coming from (∗∗∗). Hence we deduce that
‖Vφ −W‖ < 2(4‖Uφ‖1/2 + 1)
and therefore |φ(x, y)−ψ(x, y)| < /2 for every x, y ∈ X.
It remains to show that ψ has finite width (more precisely, it has width at most 2M0M).
Indeed, if x, y ∈ X are such that
ψ(x, y) =
∑
z∈X
W(δx)(z)W(δy)(z) = 0,
then there exists at least one z ∈ X such that W(δx)(z) = 0 and W(δy)(z) = 0. But for every
t ∈ X,
W(δt )(z) = ‖Uφ‖1/2
∑
s∈X
∑
0nM0
an
(
δ − φM‖Uφ‖
)∗n
(z, s)δt (s)
= ‖Uφ‖1/2
∑
0nM0
an
(
δ − φM‖Uφ‖
)∗n
(z, t),
where δ(z, z) = 1, δ(z, t) = 0 if z = t , and where λ ∗ μ denotes the convolution product, i.e.
λ ∗ μ(z, t) =∑s∈X λ(z, s)μ(s, t) (ν∗n being the n-fold convolution product of ν with itself).
Hence, with these notations, for some p,q M0 we have(
δ − φM‖U ‖
)∗p
(z, x) = 0 and
(
δ − φM‖U ‖
)∗q
(z, y) = 0.φ φ
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induction on l that supp((δ − φM‖Uφ‖ )∗l ) ⊂ {(a, b) ∈ X | d(a, b) lM}. We deduce that d(x, y)
(p + q)M  2M0M . 
6. Groups acting on metric spaces
If X is a discrete metric space, by the Švarc–Milnor Lemma, any countable group G acting
properly and co-compactly by isometries on X is quasi-isometric (thus coarsely equivalent) to X.
Therefore, property A of G is equivalent to property A of X. In this setting, it is easy to make
explicit Ozawa kernels:
6.1. Proposition. Let G be a countable group acting properly by isometries on a discrete metric
space X. Suppose that there exists x0 ∈ X such that the orbit G · x0 has property A. Let R, > 0,
let K(R) := maxg∈BG(g,R) dX(x0, gx0) and let φ be a (K(R), )-Ozawa kernel on G · x0. Then
φ˜ : G×G → R, (g, g′) → φ(gx0, g′x0)
defines an (R, )-Ozawa kernel on G.
Proof. By definition, φ is a positive definite kernel on G satisfying |1 − φ˜(g, g′)| < , when-
ever dG(g,g
′)  R. Moreover, there exists S > 0 such that supp(φ) ⊂ {(gx0, g′x0) ∈ G · x0 ×
G · x0 | d(gx0, g′x0) S}. Hence, for every g,g′ ∈ G such that φ˜(g, g′) = 0, we have g−1g′x0 ∈
BX(x0, S)∩G ·x0 which is finite (by properness). Then, if BX(x0, S)∩G ·x0 = {g1 ·x0, . . . , gN ·
x0}, we obtain that supp(φ˜) ⊂⋃Ni=1 giG0, where G0 is the (finite) stabilizer of x0. This last
set is finite, and if S˜ denotes the diameter of this set, we have supp(φ˜) ⊂ {(g, g′) ∈ G × G |
d(g, g′) S˜}. 
It is well known that the 0-skeleton (endowed with the induced metric) of a finite dimensional
CAT(0) cube complex with bounded geometry has property A (see [6]), then Proposition 6.1
gives a partial generalization of Theorem B in [6]:
6.2. Corollary. Any countable group acting properly by isometries on a finite dimensional
CAT(0) cube complex with bounded geometry has property A.
6.3. Remark. Note that according to a recent result of Brodzki, Campbell, Guentner, Niblo and
Wright, the previous corollary remains true without the assumption of bounded geometry.
It was pointed out to me by E. Guentner that a stronger result actually holds. The following
theorem is a direct consequence of ideas developed in [8] but does not appear explicitly. Here we
give a self-contained proof, expliciting Ozawa kernels, in the setting of countable groups.
6.4. Theorem. Let G be a countable group acting by isometries on a discrete metric space with
bounded geometry X. Assume that there exists x0 ∈ X such that both the orbit G · x0 and the
stabilizer G0 of x0 have property A. Then G has property A.
6.5. Remark. In contrast to what happens in the case of a proper action, in general the kernel
φ˜ in the proof of Proposition 6.1 will not satisfy the support condition. But, when we have
property A (instead of finiteness) for G0, one can nevertheless use the following idea: if we
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adapted subordinated partition of unity to glue them together, one obtains an Ozawa kernel on
the whole metric space.
Proof of Theorem 6.4. Let R, > 0. We begin by proceeding as in the proof of Proposi-
tion 6.1. Denote by K(R) := maxg∈BG(g,R) dX(x0, gx0), and let φ0 be a (K(R), 
2
8 )-Ozawa ker-
nel for G · x0 given by Proposition 2.11. That is, φ0 : (gx0, g′x0) → 〈λ(gx0), λ(g′x0)〉 for some
λ : G · x0 → l2(G · x0)1 with supp(λ(gx0)) ⊂ BX(gx0, S0) for every x and λ(gx0)(g′x0) 0 for
every g. For every g ∈ G, we define
Ug :=
{
g′ ∈ G ∣∣ gx0 ∈ supp(λ(g′x0))}
and αg : G → R, g′ → λ(g′x0)2(gx0). Hence we obtain a cover UG := {Ug}g∈G
of G and a partition of unity α := {αg}g∈G subordinated to it (i.e., αg(g′) = 0 if g′ /∈ Ug
and
∑
g∈G αg(g′) = 1 for every g′ ∈ G). Moreover, if dG(g1, g2)  R, by Cauchy–Schwarz’s
inequality, ∑
g∈G
∣∣αg(g1)− αg(g2)∣∣= ∥∥λ(g1x0)2 − λ(g2x0)2∥∥l1(G·x0)
 2
∥∥λ(g1x0)− λ(g2x0)∥∥l2(G·x0)
= 2√2 − 2φ0(g1x0, g2x0) .
For every g ∈ G, if BX(x0, S0)∩G · x0 = {g1 · x0, . . . , gN · x0} (this set is finite by the bounded
geometry condition on X), we obtain that Ug ⊂⋃Ni=1 ggiG0. For convenience, we denote
Xig := ggiG0, Xg :=
N⋃
i=1
Xig.
For any subset A of Xg and for any L > 0, we denote by A(L) := {x ∈ Xg | dG(x,A) L} the
L-neighborhood of A in Xg .
Now the main part of the proof is to construct an Ozawa kernel on each Xg (then on each Ug)
using Ozawa’s property on G0.
Let R1 := 3R, 1 := 24 , and let L  4N(2N+1)R11 . Then Xig(L) is a finite cover of Xg of
multiplicity N and with Lebesgue number  L (see Definition 4.1). Then defining for x ∈ Xg ,
δig(x) :=
dG(x,Xg \Xig(L))∑N
j=1 dG(x,Xg \Xjg(L))
,
we obtain a partition of unity subordinated to the cover {Xig(L)}Ni=1 satisfying, by Lemma 4.2
and by our choice for L,
N∑
i=1
∣∣δig(x)− δig(y)∣∣ 12 ,
whenever dG(x, y)R1.
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2
1
32 )-Ozawa kernel on G0, ψ0 : (z, z′) → 〈μ(z),μ(z′)〉, for some
μ : G0 → l2(G0)1 with supp(μ(z)) ⊂ BG(z,S1) for every z. Hence we deduce a (2(L+R1), 
2
1
32 )-
Ozawa kernel (with the same support) on each Xig by setting
ψi(ggiz, ggiz
′) := ψ0(z, z′)
for every z, z′ ∈ G0. In order to obtain an appropriate Ozawa kernel on Xg , for any z ∈ Xg , we
fix pi(z) ∈ Xig such that dG(z,Xig) = dG(z,pi(z)). Then we put X˜g :=
∐N
i=1{i} × Xig , and we
define σg : Xg → l2(X˜g), z → σg(z), where
σg(z)(i, x) := δig(z)1/2μ
(
(ggi)
−1pi(z)
)(
(ggi)
−1x
)
.
Observe that if σg(z)(i, x) = 0 for some x ∈ Xig , then μ((ggi)−1pi(z))((ggi)−1x) = 0,
z ∈ Xig(L) and we have dG((ggi)−1pi(z), (ggi)−1x) = dG(x,pi(z)) S1. Therefore,
dG(x, z) dG
(
x,pi(z)
)+ dG(pi(z), z) S1 +L. (∗)
Moreover, for z1, z2 ∈ Xg such that dG(z1, z2)R1, one has∥∥σg(z1)− σg(z2)∥∥2l2(X˜g)
=
N∑
i=1
∑
x∈G0
∣∣δig(z1)1/2μ((ggi)−1pi(z1))(x)− δig(z2)1/2μ((ggi)−1pi(z2))(x)∣∣2

N∑
i=1
∑
x∈G0
∣∣δig(z1)μ((ggi)−1pi(z1))2(x)− δig(z2)μ((ggi)−1pi(z2))2(x)∣∣

(
N∑
i=1
δig(z1)
)( ∑
x∈G0
∣∣μ((ggi)−1pi(z1))2(x)−μ((ggi)−1pi(z2))2(x)∣∣)︸ ︷︷ ︸
(I )
+
( ∑
x∈G0
μ
(
(ggi)
−1pi(z2)
)2
(x)
)( N∑
i=1
∣∣δig(z1)− δig(z2)∣∣
)
︸ ︷︷ ︸
(II)
.
However, on the one hand,
∑N
i=1 δig(z1) = 1 and thus there exists i such that z1 ∈ Xig(L). In this
case, we have z2 ∈ (Xig(L))(R1), then dG(pi(z1),pi(z2)) 2(L + R1). By Cauchy–Schwarz’s
inequality, ∑
x∈G0
∣∣μ((ggi)−1pi(z1))2(x)−μ((ggi)−1pi(z2))2(x)∣∣
= ∥∥μ((ggi)−1pi(z1))2 −μ((ggi)−1pi(z2))2∥∥ 1l (G0)
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∥∥μ((ggi)−1pi(z1))−μ((ggi)−1pi(z2))∥∥l2(G0)
= 2√2
√
1 −ψ0
(
(ggi)−1pi(z1), (ggi)−1pi(z2)
)
 1
2
.
We conclude that (I ) 12 . On the other hand,∑
x∈G0
μ
(
(ggi)
−1pi(z2)
)2
(x) = ∥∥μ((ggi)−1pi(z2))∥∥2l2(G0) = 1.
Hence, part (II) is less or equal to
N∑
i=1
∣∣δig(z1)− δig(z2)∣∣ 12 .
It follows that ‖σg(z1)− σg(z2)‖2l2(X˜g)  1 whenever dG(z1, z2)R1.
Now let us deduce an Ozawa kernel on Ug . For every x ∈ Xg let us fix qg(x) ∈ Ug such that
dG(x, qg(x)) = dG(x,Ug) and define τg : Ug → l2(Ug), u → τg(u), where
τg(u) : w →
( ∑
(i,x)∈X˜g :
qg(x)=w
σg(u)
2(i, x)
)1/2
.
In particular, as
⋃
w∈Ug {(i, x) ∈ X˜g | qg(x) = w} = X˜g , we have ‖τg(u)‖l2(Ug) =
‖σg(u)‖l2(X˜g) = 1. By Minkowski’s inequality, dG(u,u′)R1 implies∥∥τg(u)− τg(u′)∥∥2l2(Ug)  ∥∥σg(u)− σg(u′)∥∥2l2(X˜g)  1. (∗∗)
Moreover, if τg(u)(w) = 0, there exists (i, x) ∈ X˜g such that qg(x) = w with σg(u)(i, x) = 0.
Thus, by (∗), dG(u, x) S1 +L and
dG(u,w) dG(u, x)+ dG
(
x, qg(x)
)
 2dG(u, x) 2(S1 +L).
Then supp(τg(u)) ⊂ BG(u,2(S1 +L)) for every u.
Now, for every g ∈ G and for every x ∈ Ug(R), we fix rg(x) ∈ Ug such that dG(x, rg(x)) =
dG(x,Ug)R. Then we set
νg : Ug(R) → l2(Ug), x → νg(x) := τg
(
rg(x)
)
.
By definition, if dG(x, z)R we have dG(rg(x), rg(z)) 3R = R1, hence by (∗∗)∥∥νg(x)− νg(z)∥∥22 = ∥∥τg(rg(x))− τg(rg(z))∥∥22  1l (Ug) l (Ug)
G. Jaudon / Journal of Functional Analysis 253 (2007) 561–583 579and if νg(x)(u) := τg(rg(x))(u) = 0, we have dG(u, rg(x))  2(S1 + L) and dG(u, x)  R +
2(S1 +L), i.e., supp(νg(x)) ⊂ BG(x,2(S1 +L)+R) for every x.
Finally, we extend each νg on G by 0 outside Ug(R), we put UG :=∐g∈G{g} × Ug and we
consider the positive definite kernel
ψ : G×G → R, (g1, g2) →
〈
κ(g1), κ(g2)
〉=∑
g∈G
∑
x∈Ug
κ(g1)(g, x)κ(g2)(g, x)
where κ : G → l2(UG) is defined by
κ(g′)(g, x) := α1/2g (g′)νg(g′)(x).
On the one hand, if ψ(g1, g2) = 0 there exists (g, x) ∈ UG such that κ(g1)(g, x) :=
α
1/2
g (g1)νg(g1)(x) = 0 and κ(g2)(g, x) := α1/2g (g2)νg(g2)(x) = 0, i.e. νg(g1)(x) = 0,
νg(g2)(x) = 0 and g1, g2 ∈ Ug . Then dG(x,g1) 2(S1 +L)+R and dG(x,g2) 2(S1 +L)+R.
Hence dG(g1, g2) 4(S1 +L)+ 2R. Therefore,
supp(ψ) ⊂ {(g1, g2) ∈ G×G ∣∣ dG(g1, g2) 4(S1 +L)+ 2R}.
On the other hand,∥∥κ(g1)− κ(g2)∥∥2l2(UG) =∑
g∈G
∑
x∈Ug
∣∣κ(g1)(g, x)− κ(g2)(g, x)∣∣2
=
∑
g∈G
∑
x∈Ug
∣∣α1/2g (g1)νg(g1)(x)− α1/2g (g2)νg(g2)(x)∣∣2

∑
g∈G
∑
x∈Ug
∣∣αg(g1)νg(g1)2(x)− αg(g2)νg(g2)2(x)∣∣

(∑
g∈G
αg(g1)
)( ∑
x∈Ug
∣∣νg(g1)2(x)− νg(g2)2(x)∣∣)︸ ︷︷ ︸
(A)
+
( ∑
x∈Ug
νg(g2)
2(x)
)(∑
g∈G
∣∣αg(g1)− αg(g2)∣∣)︸ ︷︷ ︸
(B)
.
If dG(g1, g2) R,
∑
g∈G αg(g1) = 1 and there exists at least one g ∈ G such that g1 ∈ Ug , then
g2 ∈ Ug(R). Thus, by Cauchy–Schwarz’s inequality∑
x∈Ug
∣∣νg(g1)2(x)− νg(g2)2(x)∣∣= ∥∥νg(g1)2 − νg(g2)2∥∥l1(Ug)
 2
∥∥νg(g1)− νg(g2)∥∥l2(Ug)
 2√1 = 
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∑
x∈Ug νg(g2)
2(x) = 0 if g2 /∈ Ug(R) and∑
x∈Ug νg(g2)
2(x) = ‖ν2g(g2)‖2l2(Ug) = 1 if g2 ∈ Ug(R). Therefore in all cases
(B)
∑
g∈G
∣∣αg(g1)− αg(g2)∣∣ 
hence 1 −ψ(g1, g2) = 12‖κ(g1)− κ(g2)‖2l2(UG)  . This concludes the proof. 
What precedes can be summarized as follows:
6.6. Proposition. Let G be a countable group acting by isometries on a discrete metric space
with bounded geometry X. Assume that there exists x0 ∈ X such that both the orbit G · x0 and
the stabilizer G0 of x0 have property A. Let R, > 0. Let K(R) := maxg∈BG(g,R) dX(x0, gx0)
and fix an (K(R), 28 )-Ozawa kernel for G · x0, φ0 : (gx0, g′x0) → 〈λ(gx0), λ(g′x0)〉, for some
λ : G · x0 → l2(G · x0)1 with supp(λ(gx0)) ⊂ BX(gx0, S0) for every x (and λ(gx0)(g′x0) 0 for
every g). For every g ∈ G we define
Ug :=
{
g′ ∈ G ∣∣ gx0 ∈ supp(λ(g′x0))}.
If BX(x0, S0)∩G · x0 = {g1 · x0, . . . , gN · x0}, for each g ∈ G we have Ug ⊂⋃Ni=1 ggiG0 := Xg .
Let L 48N(2N+1)R
2
, fix a (2(L + 3R), 4512 )-Ozawa kernel on G0, ψ0 : (z, z′) → 〈μ(z),μ(z′)〉,
for some μ : G0 → l2(G0)1 with supp(μ(z)) ⊂ BG(z,S1) for every z. Finally set for every
x ∈ Xg
δig(x) :=
dG(x,Xg \ (ggiG0)(L))∑N
j=1 dG(x,Xg \ (ggiG0)(L))
.
Hence
ζg(u,u
′) :=
∑
w∈Ug
[ ∑
(i,x)∈X˜g :
qg(x)=w
δig(u)μ
(
(ggi)
−1pi(u)
)2(
(ggi)
−1x
)]1/2
×
[ ∑
(i,x)∈X˜g :
qg(x)=w
δig(u
′)μ
(
(ggi)
−1pi(u′)
)2(
(ggi)
−1x
)]1/2
defines an Ozawa kernel on Ug . Here X˜g :=∐Ni=1{i} × ggiG0 and pi , qg satisfy pi(z) ∈ Xig ,
qg(z) ∈ Ug , dG(z,pi(z)) = dG(z, ggiG0) and dG(z, qg(z)) = dG(z,Ug) for any z ∈ Xg .
Therefore
ψ(g1, g2) :=
∑
χUg(R)(g1)χUg(R)(g2)λ(g1x0)(gx0)λ(g2x0)(gx0)ζg
(
rg(g1), rg(g2)
) ()
g∈G
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2R}, where rg(x) ∈ Ug and dG(x, rg(x)) = dG(x,Ug) for every x ∈ Ug(R).
6.7. Corollary. Let G be a countable group and H a subgroup with property A. If the set of left
cosets G/H (endowed with the quotient metric) has property A, then G has property A.
Note that we recover (in a rather complicated way) Theorem 3.1, and, moreover, we obtain an
alternative proof of the stability of property A under taking certain amalgamated free products
and HNN-extensions (see [7] for the general case):
6.8. Corollary. Let G and H be two countable groups.
(i) If G and H have property A, and if K is a common subgroup of finite index both in G and
H , then G ∗K H has property A.
(ii) Assume that G has property A, and that H is a finite index subgroup of G. Let θ : H → G
be a monomorphism such that θ(H) also have finite index in G, then the HNN-extension
HNN(G,H, θ) has property A.
Proof. The finite index hypothesis ensures bounded geometry of the corresponding Bass–Serre
trees (endowed with the simplicial metric) on which the groups act by isometries. The stabilizers
of the vertex are all isometric to G (in the case of HNN-extensions), or, to G or H (in the case of
amalgamated free products). Hence, it suffices to use property A for trees (which can be shown
exactly in the same way as for free groups) and to apply Theorem 6.4. 
7. Applications
7.1. Hyperbolic groups
It is a result due to J. Roe (see [20]) that finitely generated hyperbolic groups have finite
asymptotic dimension. Explicit covers given in [20] allow us to exhibit explicit Ozawa kernels.
Let Γ = 〈S〉 be a finitely generated δ-hyperbolic group (endowed with the length function | · |S
associated to S), and let (· | ·) denote the Gromov product on Γ . Let Nδ denote the number such
that each ball of radius R + 6δ can be covered by at most Nδ balls of radius R. Let ,R > 0, and
L  (2Nδ+1)(4Nδ+3)R

. For each k  1, we fix a maximal subset {γik}nki=1 in the sphere of radius
kL such that dΓ (γik, γjk) > L for every i = j . Then we define
Uik :=
{
γ ∈ Γ
∣∣∣ kL |γ |S  (k + 1)L, (γ | γik) (k − 12
)
L− δ
}
.
This is shown in [20] that for every k, {Uik}nki=1 is a uniformly bounded cover of the annulus{γ ∈ Γ | kL  |γ |S  (k + 1)L} such that every ball of radius less than L meets at most Nδ
elements of this cover. Hence, defining U :=⋃k∈N{Uik(L)}nki=1 (where Uik(L) denote the L-
neighborhood of Uik), it is easy to see that U is a uniformly bounded cover of Γ with multiplicity
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the kernel
ψ : Γ × Γ → R, (γ, γ ′) →
∑
i,k
(
d(γ,X \Uik)∑
j,l d(γ,X \Ujl)
)1/2(
d(γ ′,X \Uik)∑
j,l d(γ
′,X \Ujl)
)1/2
is an (R, )-Ozawa kernel for Γ .
7.2. CAT(0) cubical groups
Let X denote a CAT(0) cube complex with bounded geometry and let X(0) denote its 0-
skeleton endowed with the path metric on the 1-skeleton of X (when X is finite dimensional
this metric is equivalent to the metric induced by X). Using Theorem 5.5 and ideas developed
in [6], we deduce Ozawa kernels on X(0). Fix a basepoint v ∈ X(0) and denote by H the set of
“hyperplanes” in X. For every s ∈ X(0) there is a unique “normal cube path” {C1, . . . ,Cn}. Let us
define ws : H → N by ws(h) = i + 1 if h intersects the cube Ci and ws(h) = 0 otherwise. Then
for every 0 < α < 1/2, fα : X(0) → l2(H), s →∑h∈H ws(h)αδh is a uniform embedding with
ρ+(fα) linear and ρ−(fα)(r) = r1/2+α for r large enough. Hence, the proof of Theorem 5.5
provides Ozawa kernels on X(0). More precisely, for a fixed α > 0 and for M large enough,
setting
φ : X(0) ×X(0) → R, (x, y) → exp
(
−
‖fα(x)− fα(y)‖2l2(H)
M
)
with the notations in the proof of Theorem 5.5, we obtain that
ψ : (x, y) → ‖Uφ‖
∑
z∈X(0)
∑
0m,nM
anam
(
δ − φM‖Uφ‖
)∗m
(z, x)
(
δ − φM‖Uφ‖
)∗n
(z, y)
is an Ozawa kernel on X(0). Now, let us fix a vertex v0 ∈ X(0). By Proposition 6.1, for every
group G acting properly (and co-compactly) by isometries on X, the kernel ψG : G × G → R,
(g,h) → ψ(gv0, hv0) defines an Ozawa kernel on G.
7.3. Baumslag–Solitar groups
Let p,q  1, and let BS(p, q) := 〈a, b | abpa−1 = bq〉 be a standard presentation of
Baumslag–Solitar group. It is the HNN-extension HNN(G,H, θ), where G = 〈b〉  Z, H =
〈bq〉 qZ and θ : H → G, bq → bp . The group BS(p, q) acts transitively by isometries on its
Bass–Serre tree Tp,q (which is (p + q)-regular) and all the stabilizers of the vertex are isometric
to Z. Hence Ozawa kernels on BS(p, q) are given by formula () in Proposition 6.6 with (for k, l
large enough)
λ : Tp,q → l2(Tp,q), v → χAv
k + 1 , μ : G → l
2(G), x → χxBG(e,l)
2l + 1 ,
where Av denotes the intersection of BTp,q (v, k) with the unique geodesic ray starting form v
and intersecting a fixed geodesic ray in Tp,q as a geodesic ray.
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